Abstract. In this article we use Ricci flow to show that complete PIC1 manifolds with maximal volume growth are diffeomorphic to R n . One of the key ingredients is local estimates of curvature lower bounds on an initial time interval of the Ricci flow. As another application of these estimates we obtain pseudolocality type results related to the PIC1 condition.
Introduction
The notion of isotropic curvature was introduced by the seminal work of Micallef and Moore [18] . A Riemannian manifold with dimension at least 4 has nonnegative isotropic curvature if R(ϕ,φ) ≥ 0 where ϕ = (e 1 + ie 2 ) ∧ (e 3 + ie 4 ) for any orthonormal 4-frame {e 1 , e 2 , e 3 , e 4 } and R is the complex linear extension of the Riemannian curvature operator. We say (M, g) is a weakly PIC1 Riemannian manifold if its product with R has nonnegative isotropic curvature, an algebraic characterization of this curvature condition is given by the following if M has dimension at least 4. for all p ∈ M, all orthonormal four-frames {e 1 , e 2 , e 3 , e 4 }, all λ ∈ [0, 1]. For notational convenience, we say that A ∈ P IC1.
It is immediate to see a manifold with weakly PIC1 must have nonnegative Ricci curvature, hence it has at most Eulidean volume growth by the volume comparison theorem. If M has dimension 3 then by simple calculation we see that weakly PIC1 is equivalent to nonnegative Ricci curvature. Complete manifolds with nonnegative Ricci curvature must be covered by S 3 , S 2 × R or R 3 in dimension 3 [15] , while in higher dimensions their topology can be much more complicated (see for ex. [17] ). Weakly PIC1 condition is indeed much stronger in higher dimensions, in this short note we want to show that if such a manifold has maximal volume growth then its topology is trivial. for some v > 0 and ∀r > 0, then M is diffeomorphic to R n .
Clearly S 2 × R n−2 with the standard metric is weakly PIC1, so the volume growth assumption in the above theorem cannot be dropped. However, we wonder if it can be weakened to V olB(r) > cr n−2+ǫ for some small number ǫ > 0. The proof in this note use the tool of Ricci flow on complete manifolds, the maximal volume growth assumption is used to guarantee the long time existence of such a flow without finite time singularity.
In section 2, we first discuss the preservation under complete Ricci flow of certain nonnegative curvature conditions including weakly PIC1, which may be of independent interest. The method is by localizing the maximal principle to obtain lower bound estimates of the curvature, which is the same as in [9] . This method is actually robust enough to work for some other nonnegativity conditions which will not be discussed here. In order to prove Theorem 1.1, we exhibit in section 4 the existence of Ricci flow on noncollapsed complete manifolds with weakly PIC1 by the same method as in [10] and [11] , we also cite heavily from [4] and [21] . The short-time existence of Ricci flow in this situation also follows from a very recent work [14] . Under the assumption of Theorem 1.1 we can show the solution of Ricci flow exists for all time, has nonnegative Ricci curvature and injectivity radius → ∞, we can then construct a diffeomorphism by an elementary argument detailed in section 5.
In section 3, besides proving necessary curvature estimates for establishing the existence of Ricci flow, we obtain some pseudolocality type results related to PIC1 condition. Recall that Perelman's pseudolocality theorem ( [13] ) provides an interior curvature estimate for the Ricci flow, given that an initial ball is isoperimetrically close to the Euclidean space and has scalar curvature bounded from below, and the global assumption that the Ricci flow solution is complete with bounded curvature. This result played an important role in the study of complete noncompact Ricci flow. An alternative version of pseudolocality has been obtained in [23] , where the initial ball was required to have almost Euclidean volume and almost nonnegative Ricci curvature. In dimension 3, the pseudolocality has been substantially improved by [21] where the Ricci curvature and volume are only assumed to be bounded from below, hence not necessarily close to the Euclidean space. Using the local preservation estimates in section 2 and the method of [21] , we formulate a pseudolocality statement assuming PIC1 condition and volume lower bound on the initial ball, see Theorem 3.1. When the initial ball has only PIC1 bounded from below, we need to assume almost Euclidean volume lower bound, see Theorem 3.2. As an application of Theorem 3.2, we obtain Corollary 3.1, which slightly improves the main theorem in [16] by relaxing the bounded curvature assumption on the whole space-time to that on positive time slices.
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Preservation of curvature conditions
The main curvature condition of interest in this article is weakly PIC1, however, the method here actually works for some other curvature conditions. Here we present the argument in a more general setting. Now let g(t) be a solution of Ricci flow. By the trick of Uhlenbeck, we may assume that the curvature Rm(g(t)) evolves under
where Q(R) = R 2 + R # . As described in [4] , we regard Rm as a symmetric bilinear form on so(n, R) and then extend complex bi-linearly to a map Rm : so(n, C) × so(n, C) → C. Then we define the convex cone by
where S ⊂ so(n, C) is a subset that is invariant under the natural SO(n, C) action and satisfy the following: For any Rm ∈ ∂C, v ∈ S with Rm(v,v) = 0, we have
In particular, the PIC1 condition is equivalent to say that Rm ∈ C(S) where
which is known to satisfy (2.1) by the work of Brendle and Schoen [2] and Nguyen [19] . We refer interested readers to [24] for a more complete list of S satisfying (2.1). We also would like to point out that recently Brendle had discovered a new cone [25] which satisfies (2.1).
In the following, we will establish a local estimate on how Rm g(t) fail to stay inside C(S) under the assumption |Rm| ≤ at −1 and hence global preservation of Rm(g(t)) ∈ C. For simplicity, we will denote C = C(S) where S is a subset in so(n, C) such that (2.1) holds.
Then there exists c(n), D(n) > 0 such that on B t (p, 1), k ∈ N,
Here I denotes the constant curvature operator of scalar curvature n(n − 1).
Proof. First of all, we will assume T < 1. The condition that A ∈ C is equivalent to say that A vv ≥ 0 for all v ∈ S where A is understood to be the complexified operator.
Denote A = ΦRm+ϕ(t)I where ϕ(0) > 0 so that A(0) ∈ C. Here we denote Φ to be a generic cutoff function. We will specify our choice of ϕ and Φ later.
Suppose A fail to be inside C for some t 0 > 0, we can then find the largest t 1 > 0 such that A(t) ∈ C for all t ∈ [0, t 1 ]. At t = t 1 , there is point p ∈ M, v ∈ so(n, C) with |v| = 1, v ∈ S so that A(v,v) = 0.
Extend v locally using parallel translation with respect to metric g(t 1 ) and then extend it to spacetime such that D t v = 0 = ∆v at (p, t 1 ). We are now ready to derive equations regarding to the choice of ϕ(t).
By assumption on (p, t 1 ), A vv ≥ 0 locally and hence at (p, t 1 )
Here we denote ∂ ∂t − ∆ by ✷ for notational convenience. By the preservation of cone C, see [2] ,
where we have used the fact that at (p, t 1 ), A vv = 0 at the last term. Therefore, we have obtained that at (p, t 1 ),
It reduces back to the method in Kähler Ricci flow concerning the nonnegativity of BK, see [9] , we can use the bootstrapping argument there to deduce the result.
in the sense of barrier where β = β(n). Thus if we choose c sufficiently large, the modified distance functiond
We may assume it to be smooth when applying maximum principle using the argument in [12] . Here φ is some cutoff function identical to 1 on [0, 1 + 2σ], vanishes outside [0, 1 + 3σ] so that
We first show that the conclusion hold on a slightly larger ball and some time interval where the curvature is bounded by some constant |Rm|(t) < C 1 . If we allow the time interval to be uncontrolled, we can assume the curvature to be bounded since we are working on a compact subset in M. For each ǫ > 0, we choose φ such that σφ
where C 2 depends on C 1 , σ and ǫ. Therefore, we can see that if we choose ϕ = (t + s) α with α < ǫ −1 , and
then t 1 ≤ s will lead to a contradiction. Hence ΦRm(s) + (2s)
α I ∈ C on the small time interval [0, s 0 ]. In a nut shell, we have shown the following.
Claim 2.1. For any k ∈ N, there is δ > 0 depending on k, σ and the initial metric such that for all
. Let a < k < 1 2ǫ − 1 and choose ϕ(t) = t k . Although ϕ(0) = 0, we can still find a positive t 1 as above since Claim 2.1. guarantees that A(t) ∈ C for t > 0 small enough. We argue in the exact same way as before. The difference is that by the condition |Rm|(t) ≤ a t , the inequality 2.2 becomes
By our choice of ϕ this implies
Note that if we take ǫ = 1 2k+3 and k ≥ 2a, then we have
where D is a constant independent of a and k.
The conclusion then follows after we shrink the time interval to [0,
By using Theorem 2.1, we can show that the curvature tensor remains in the cone if the curvature of the complete Ricci flow solution satisfies ad g 0 (x, p) 2 t −1 when t > 0 for some a > 0. Before we give a proof, we first recall a lemma which allows us to compare d t (x, p) and d 0 (x, p).
Lemma 2.1 (The shrinking balls lemma, [21] ). Suppose (M, g(t)) is a Ricci flow for t ∈ [0, T ]. Then there exists a constant β n ≥ 1 such that the following is true. Suppose p ∈ M and B 0 (p, r) ⊂⊂ M for some r > 0, and
Now we are ready to show the preservation of curvature conditions.
) be a complete solution of Ricci flow with
Proof. Let
We show that T max = T . Clearly, T max ≥ 0.
For each k and ρ > 0, we claim that |Rm|(x, t) ≤ 4aρ 2 t for x ∈ B t (p, ρ) and 0 < t < T 0 , where
. To see this, letr be the least radius such that B t (p, ρ) ⊂ B 0 (p,r) for 0 ≤ t ≤ T 0 , by the shinking ball lemma 2.1 we haver ≤ 2ρ, hence the claim. Now we can apply Theorem 2.1 to show
In particular, T 1 is independent of ρ. Let ρ → ∞, then we can redefine T 1 to be independent of k. This shows T max > 0. If T 1 < T we can repeat the argument to show T max = T .
We would like to point out that in Theorem 2.1, the non-negativity at t = 0 is crucial if we compare the evolution equation with the corresponding ODE solution. Now, we try to extend the result which allows the lowest eigenvalue to be negative initially. However, we need to assume a stronger curvature assumption as well as the cone. We will consider convex cone with the following condition: ∃λ ≥ 0 such that for all Rm ∈ ∂C, v ∈ S with Rm(v,v) = 0, we have
In particular, the cone of P IC also satisfies (2.4). For details, we refer to [4] . Theorem 2.2. Let C(S) be a convex cone satisfying (2.4). Suppose (M, g(t)) is a Ricci flow for t ∈ [0, T ], and p ∈ M such that B t (p, 2) ⊂⊂ M for all t ∈ [0, T ]. Assume further that there is a <
for all t ≤ T ∧T . Here I denotes the constant curvature operator of scalar curvature n(n − 1).
Proof. ] and satisfies
at where m ∈ N is an positive integers to be specified later. Then, as in (2.3), we may assume that it satisfies
in the sense of barrier. We may assume it to be smooth when applying maximum principle as pointed out in the proof of Theorem 2.1. Furthermore, we will assumeT ≤ 1 1000m
. We consider
where L is a large positive number and ϕ(t) is a time function with ϕ(0) ≥ 0 and ϕ(t) ≤ 1. We will specify the choices later.
Clearly, A(t) ∈ C on B t (p, 3 2 − c n √ at) when t is small. Without loss of generality we can assume A(0) to be inside the interior of the cone at t = 0 wherever Φ(x, 0) > 0 ( if not, we can replace k by k + δ and let δ → 0 eventually). Let t 1 > 0 be the first time such that A(t) ∈ C on B t (p,
for all t ∈ [0, t 1 ] and at t = t 1 , there is a point x 0 ∈ B t (p, 3 2 − c n √ at), v ∈ so(n, C) with |v| = 1, v ∈ S so that A(v,v) = 0. We may assume that t 1 < 1, otherwise, it is done. Extend v locally using parallel translation with respect to metric g(t 1 ) and then extend it to spacetime such that D t v = 0 = ∆v at (p, t 1 ). Then at (x 0 , t 1 ), we have
Here, we have used A vv = 0,T < 1 1000m and Shi's type estimate as stated above. On the other hand, by direct computation, we have 
By combining (2.8) and (2.9), we have
(2.10)
And hence,
Combines with (2.7) together, we get
(2.12)
On the other hand, we can use the fact that A vv = 0 and the curvature assumption to deduce that
Hence, the second and the third term can be controlled by
for some C 0 = C 0 (n, m, L, k, a) > 0. The main obstacle is the last term. Write Q = Lt(scal g(t) + 3nk) + ϕ , then by using (2.13)
(2.15)
In conclusion, we have shown
, we may choose ǫ > 0 such that 1 > 2(1 + ǫ)a. By taking
. Then we see that t 1 ≥T (n, a, k).
By shrinkingT further, we conclude that if
Curvature estimates and pseudolocality
When C(S) is the cone corresponding to PIC1 or PIC2 condition, the situation is particularly interesting. In fact, it was proved in [3] that any complete nonflat ancient solution of Ricci flow with bounded curvature Rm ∈ C P IC2 has lim r→∞ V olB(r) r n = 0.
Moreover, in [4] , they showed that in fact the any ancient solution with bounded curvature with Rm ∈ C P IC1 must be in C P IC2 . In the following, we will focus on the cone C P IC1 . From now on, we will denote C = C P IC1 . Using the result on ancient solution with weakly PIC2, we can follow the argument in [21] to deduce the following estimates.
Moreover the injectivity radius satisfies
Proof. The proof is identical to the proof of Lemma 2.1 in [21] except that we use Lemma 4.2 in [4] to draw a contradiction. The injectivity radius lower bound follows from a result in [7] together with Lemma 2.3 in [21] .
Using Lemma 3.1 and Theorem 2.1, the method in [21] can be carried over to give the following pseudolocality result.
Then there is C 0 (n, v 0 ),T (n, v 0 ) > 0 such that
Proof. The proof is identical to the proof of Theorem 1.1 in [21] . We here only point out the main difference. Under our curvature assumption, the curvature estimate [21, Lemma 2.1] can be replaced by Lemma 3.1 here. The persistence of lower bound have been obtained in Theorem 2.1 if it is initially nonnegative. Moreover, in this proof the boundedness of curvature is only used when we apply pseudolocality at some positive time t 0 > 0, therefore we only need the curvature to be bounded for positive time.
We next consider the case when the curvature of the initial metric g 0 , Rm(g 0 ) + kI ∈ C P IC1 on some open set. Under a stronger assumption on the volume of geodesic balls, we have the following pseudolocality result even though initially Rm(g 0 ) is not inside the cone. Theorem 3.2. For any ǫ > 0 and n ∈ N, there is δ(n, ǫ),T (n, ǫ) > 0 such that the following is true. Let (M n , g(t)) be a complete solution of Ricci flow on M × [0, T ], p ∈ M. Suppose the following is true.
(
Then for any x ∈ B t (p,
We first show that if the geodesic ball is arbitrarily close to Euclidean, then the conclusion in Lemma 3.1 can be strengthen to a arbitrary small upper bound.
Proof. Suppose not, there is ǫ 0 > 0, T i , K i , δ i → 0 and a sequence of Ricci flow
And |Rm(g i (t))|(x i , t i ) = ǫt
). By Corollary 6.2 in [20] , we may choose T i small depending on n and δ i such that for all t ∈ [0,
By Lemma 5.1 in [21] , for sufficiently large i, we can findt i ∈ (0,
i . By volume comparison, for all 0 < r < 1 2 , for sufficiently large i,
if we choose K i small enough depending only on δ i and n.
Considerg
, 0]. The rescaled Ricci flow satisfies
and |Rm|g k (0) (x k ) = 1. Moreover, by result in [7] , we have uniform injectivity radius lower bound ong i (0) atx i due to (3.1). Suppose on a geodesic ball the sectional curvature is bounded, and the volume has a lower bound, then under a certain smaller scale geodesic balls have almost Euclidean volume (see for example [16] ), hence Theorem 3.2 can be applied. Then Theorem 3.1 of [8] yields the following Corollary 3.1. There exists σ(n, v 0 ) and Γ(n, v 0 ) such that for any complete smooth Ricci flow solution with sup M ×[τ,T ] |Rm| < ∞, ∀τ > 0, suppose |Rm|(x, 0) ≤ 1 for all x ∈ B g 0 (p, 1), and V ol g 0 B g 0 (p, 1) ≥ v 0 , then we have |Rm|(x, t) ≤ Γ for all x ∈ B g(t) (p, σ) and t ∈ [0, σ 2 ∧ T ].
Existence of Ricci flow
In this section, we will show how a short-time solution of Ricci flow can be constructed using local control Theorem 2.1, Lemma 3.1 and the method of [11] and [21] . For instance, if the initial metric is weakly PIC1 and is noncollapsed, then there is a short time solution of Ricci flow starting from such a metric. The strategy here actually works as long as the curvature cone C(S) satisfies the followings.
(1) Q(Rm) vv ≥ 0 for any Rm ∈ ∂C and v ∈ S with Rm(v,v) = 0; (2) Any nonflat ancient solution with bounded curvature with Rm ∈ C has lim r→∞ V olB(r) r n = 0; (3) Ric(Rm) ≥ 0 for any Rm ∈ C. In particular, it is well-known that C P IC1 , C P IC2 , C Rm satisfy the above. From now on we let C = C P IC1 . We would like to point out that Lai [14] proved a stronger short-time existence result for Ricci flow on complete noncollapsed manifolds where Rm(g) is almost weakly PIC1. 
and Rm g 0 is weakly P IC1. Then there is a complete solution of Ricci flow with g(0) = g 0 and C 1 (n, v 0 ) > 0 which satisfies
Moreover, Rm g(t) ∈ C.
Proof. Let R >> 1 be a fixed large number. Choose ρ > 0 small enough such that
, choose a conformal factor which is constant 1 on B g 0 (p, R) and blows up at ∂U to turn U into a complete manifold with bounded curvature, denoted asŨ . By Shi's solution of Ricci flow, there is a complete solution of Ricci flow on X × [0, t 0 ] where X is the connected component of U containing B g 0 (p, R). Let a(n, v) and L(n, v) be some constants to be fixed later. By choosing t 0 ≤ 1 small enough, we have a local solution of the Ricci flow with
Hence, we have a local solution of the Ricci flow with
where t 1 = t 0 (1 + s n C −1 0 ) = t 0 (1 + µ). Doing the above step inductively, we obtain a local solution to the Ricci flow on B g (p, s k ) × [0, t k ] where
The process stops at the k-th step where s k+1 < 0 or t k+1 > σ 1 (n, v), where σ 1 (n, v) is a positive constant determined by Lemma 2.1 and Theorem 3.1. If it is the first case, we restrict to eariler index i < k where s i > R − 1 and s i+1 ≤ R − 1 but t i ≤ σ 1 , then we can deduce
If it is the latter case where t k ≤ σ 1 and t k+1 > σ 1 ,
In any cases, we have shown that ∃σ(n, v), δ(n, v), a(n, v) > 0 such that for all R > δ(n, v), there is a Ricci flow g R (t) defined on
By letting R → ∞ together with Shi's local estimate [22] and Chen's local estimate [8] , we can obtain a Ricci flow on M ×[0, σ]. The completeness follows from the shrinking ball lemma. Rm(t) ∈ C follows from Corollary 2.1.
By rescaling the initial metric and theorem 3.1, the existence time will be infinity if the initial metric has maximal volume growth. Proof of Theorem 1.1. Let (M, g(t)) be a complete Ricci flow, t ∈ [0, ∞). Suppose that Ric(t) ≥ 0 and for a fixed point p, the injectivity radius inj p (t) ≥ r t , where r t is increasing → ∞. We show the following elementary construction of a diffeomorphism between M and R n . The main theorem 1.1 follows from this construction and Corollary 4.1.
Let exp t : T p M → M be the exponential map w.r.t g(t). Identify T p M with R n by fixing a time-independent basis. For simplicity, we denotẽ B t (r) := {x ∈ R n |x T g(p, t)x < r 2 }, B t (r) = B g(t) (p, r), then exp t (B t (r)) = B t (r) as long as r < r t . We can choose a sequence of times t 1 < t 2 < ... such that r t i > i + 1. Since Ric(t) ≥ 0, {B t i (i)} is an exhaustion of M, and {B t i (i)} is an exhaustion of R n . Denote E t = exp −1 t , then E t is defined on B t (r t ), however it does not converge to a diffeomorphism since the image of a fixed domain may shrink to a point as t → ∞. To overcome this inconvenience, we deform E t i+1 (B t i (i)) back toB t i (i) for each i, this is achieved by simply reversing the t-parametrized family of local diffeomorphisms on R n induced by E t .
Claim: For each i, there is a diffeomorphism Φ i : R n → R n , such that Φ i (E t i+1 (B t i (i))) =B t i (i) and Φ i is identity on R n \B t i+1 (i + 0.9). Moreover, we have Φ i E t i+1 = E t i on B t i (i).
Proof of claim. For simplicity let's take i = 1. For each t 2 > t > t 1 , observe that E t embeds B t 1 (1) into R n , and the image satisfies E t (B t 1 (1)) ∪B t 1 (1) ⊂B t (1) ⊂B t 2 (1).
For an interior point x in the domain of E t , t 1 < t < t 2 , let V (x, t) be the tangent vector of the t-parameterized curve E t (x) ⊂ R n . Note that the vector field V generates the family of local diffeomorphisms which evolves B t 1 (1) = E t 1 (B t 1 (1)) into E t 2 (B t 1 (1)). Now choose a smooth cutoff function ψ such that ψ = 1 onB t 2 (1) and ψ = 0 on R n \B t 2 (1.9) for all t 1 ≤ t ≤ t 2 . Let Ψ s , s ∈ [0, 1] be the family of diffeomorphisms generated by −φV (x, t 2 − (t 2 − t 1 )s) with Ψ 0 = id. Then Φ 1 := Ψ 1 is the desired diffeomorphism.
Inductively, we can find a sequence of diffeomorphisms Φ i : R n → R n , such that Φ 1 ...Φ i−1 E t i is diffeomorphic on B t i (i), and it agrees with E t j on B t j (j) for each j < i. We can let i → ∞ to get a diffeomorphism from M to R n .
